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^vj , Abstract. In this paper we deal with the cubic Schrodinger system 

I n 

^1 —Aui='^PijU^Ui, ui,...,u„>0 in R^ (A'' < 3), 

QQ ' where /3 = {Pij)ij is a symmetric matrix with real coefficients and Pa > for 

every i = 1, . . . ,n. We analyse the existence and nonexistence of nontrivial solu- 
tions in connection with the properties of the matrix /3, and provide a complete 
characterization in dimensions A'^ = 1,2. Extensions to more general power- type 
nonlinearities are given. 
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'S ' 1- Introduction and main results 
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The purpose of the present paper is to analyze existence and nonexistence of nontrivial 
solutions of the cubic elliptic system 



inM^ 



(1.1) - Aui = ^l3iju'jUi, Ui,...,Un>0 

f— ^ I when A^ < 3. Here {I3ij)ij is a symmetric n x n-matrix with real coefficients and 

cn ' nonnegative diagonal elements, i.e. /3m > for i = l,...,n. We say that u = 

r~>^ . (til, . . . , Un) is a nontrivial solution of (jl.ip if Uj ^ for at least one i S {1, . . . , n}, 

^^ , which then implies that Uj > on M^ by the maximum principle. In order to motivate 

our results on (jl.ip . let us first consider the single elliptic equation 

(1.2) - An = uP-^, u > in R^. 
• ^H , 

^ ' It is well known that ()1.2p admits solutions if and only if iV > 3 and p > 2* = 

H ! 2N/{N — 2). The nonexistence in the complementary cases has been proved by Gidas 

and Spruck in [10]. In this paper we will show that for n > 2 the existence or 

nonexistence of solutions of (jl.ip depends in a subtle way on the coefficients /3ij. 

In the case where /3ij > for all i,j and /3jj > for all i, the elliptic system behaves 

to a certain extent similarly as the single equation (jl.2p for p = 3. In this case the 

system does not admit nontrivial solutions in dimensions A^ < 3 (where the cubic 

nonlinearity is subcritical) . This follows from a more general nonexistence result of 

Reichel and Zou |18j relying on the method of moving spheres. It is the purpose of the 

present paper to study the non-cooperative case where the off-diagonal coefficients 

/3jj may be negative and therefore methods based on the maximum principle, like 
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the method of moving spheres, do not apply. More precisely, we will analyze how 
B = {/3ij)ij must differ from a matrix satisfying /3jj > for all i,j in order to allow 
nontrivial solutions of (II. ip . In the special case where N < 2 (unidimensional or 
planar problem) or n = 2 (two-component problem) we will answer this question 
completely by giving a necessary and sufficient matrix condition for the solvability of 
(|l.ip . see Cor ollar ies II . II and 1 1 . 2 1 b elow . By this we complement and extend a recent 
nonexistence result, which has been obtained for the two-component problem in [5]. 
Nonexistence results in the whole space - also called Liouville type theorems - for 
the equation (jl.2p and the system (jl.ip play a crucial role in deriving a priori bounds 
for a larger class of boundary value problems via the rescaling method of Gidas and 
Spruck. In fact, in [9] Gidas and Spruck have used their nonexistence result for (|1.2p 
to deduce a priori bounds for solutions of equations of the type 

( —An = f{x,u), u> in ri, 

^-^■^^ I u = onaf]. 

Here Q C M" is a smooth domain, and it is assumed that ^^^'i — )• h{x) uniformly 
in X as t — )• oo for some subcritical exponent p, where h G C{^). In the same spirit, 
Dancer, Wei and Weth [3] have obtained some a priori bounds for the class of systems 
(jl.ip in the two components case 

{— Au + Xiu = Piiu + /3i2uv in il u,v > in f] 

- Av + X2V = (322v'^ + lii2V?v in n, n = on dVL. 

Another class of Liouville type results for cubic systems has been proved, under some 
global growth condition, in [T7|, allowing to obtain uniform Holder estimates for the 
solutions of system ()1.4p , and of the more general version 

n 

(1.5) — Auj -|- XiUi = 2^ (^ijUjUi in il ui = ■ ■ ■ = Un = on d^. 

These nonlinear Schrodinger systems have received extensive attention in recent years, 
since they appear in mathematical models for different phenomena in physics such as 
nonlinear optics and Bose-Einstein condensation, see e.g. [T]l3ll7 lll9] and the references 
therein. In particular, for Aj > 0, the question of which conditions on {fiij)ij assure the 
existence of positive solutions has been widely studied, see e.g. [T|[2|[T3 l [T5 |l 1 9112 1 ^ [22] . 
For Aj < 0, existence and multiplicity of solutions in some particular cases were 
obtained also in [16]. We remark that, in order to derive a priori bounds for ()1.5p via 
the rescaling method of Gidas and Spruck, a nonexistence result is needed both for 
the problem p.ip and for nonnegative nontrivial solutions of the half space problem 



(1.6) — Aui = y^ PijUj in M^ for i = 1, . . . , n, ui = • • • = u^ = on 



l\, 



where M^ = {x G M^ : x^^ > 0}. There is strong evidence that the nonexistence of 
nontrivial solutions of (jl.ip - for a certain matrix B - also gives rise to nonexistence 
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of nontrivial nonnegative solutions of ()1.6p . In the two component case n = 2, this 
was aheady observed in ^, but the argument in that paper does not extend to the 
case ra > 3. Since problem (jl.6p requires very different techniques, it will be treated 
in future work, see [5]. 

To state our results, we first need to recall some notions for symmetric matrices. So 
let S{n) denote the space of symmetric n x n-matrices with real coefficients, and let 
C" C ffi" denote the closed cone of all c E M" with nonnegative components Cj. A 
matrix B = {f3ij)ij £ S{n) is called 

• positive semidefinite (resp. positive definite) if 

n n 

Y^ PijCiCj > for all c G M" (resp. ^ l3ijCiCj > for ah c E M" \ {0}); 

i,j = l i,j = l 

• copositive (resp. strictly copositive) if 

n n 

y^ (iijCiCj > for all c £ C^ (resp. ^ ftjQCj > for aU c G C" \ {0}); 

We note that copositivity is a weaker condition than positive semidefiniteness. In 
case n < 4 every copositive matrix can be written as a sum of a positive semidefinite 
matrix and a matrix having only nonnegative components, but this is not true for 
n > 5, see [6]. Copositive matrices play a significant role in quadratic programming 
(see |llj). while - up to our knowledge - they have not been discussed in the context of 
elliptic systems yet. In case n < 4, strictly copositivity can be characterized explicitly 
by inequalities between the matrix coefficients, see e.g. [12]. In particular, 

• B G S{2) is strictly copositive if and only if 



(1.7) /3ii,/322 > and /3i2 > -\//3ii/322. 

• B £ S{3) is strictly copositive if and only if 
r/3ii,/322,/333 >0, 
/3i2 + \//3ii/322 > 0, /3i3 + V/3ii/533 > 0, /323 + \//?22/333 > and 



\//3ll/322/333 + /3l2V%3 + /3l3V^+ /323\/AT+ 

+ 



^2(/3i2 + V/5ll/322)(/3l3 + \/Al/333)(/323 + \/"/322/333) > 0. 

Our first result shows that strict copositivity is a necessary assumption for the nonex- 
istence of nontrivial solutions of (jl.ip . 

Theorem 1.1. Let N < 3, suppose that fSa > for i = 1, . . . ,n, and that the matrix 
B = {/3ij)ij is not strictly copositive. Then (jl.ip admits a nontrivial solution. 

In fact we will prove the following stronger existence result for the Neumann problem 
corresponding to (II. ip in bounded domains, which immediately gives rise to Theo- 
rem [TTT] by tiling M^ with cubes and refiecting solutions. 
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Theorem 1.2. Suppose that 0, C M^ is a bounded domain, N < 3, and that the 
matrix B = {Pij)ij G S{n) is not strictly copositive but satisfies Pa > for i = 
1, . . . , n. Then the Neumann problem 



(1.9) 



n 



-Aui = y^ PijU^jUi, ui, . . . ,Un > inO., 

dui du2 dun 



dv du dv 

admits a nontrivial solution. 



on dfl, 



We note that the assumption on the nonnegativity of the diagonal elements of B 
is crucial in Theorem 11.11 which already can be seen by looking at the equation 
—An = —u'^. By a classical result [20], this equation does not admit nontrivial 
nonnegative solutions defined on all of M^. Next, we discuss sufficient conditions 
for the nonexistence of nontrivial solutions of (jl.ip . It was observed in [2] that, in 
the special two component case n = 2, the strict copositivity oi B £ S{2) is also 
a sufficient condition. This was proved as follows. Assuming by contradiction that 
(jl.ip admits a nonnegative nontrivial solution u = {ui,U2), it was shown that a 
suitable linear combination w = fiiui + H2U2 is a positive solution of the differential 
inequality —Aw > w;^, contrary to a result of Gidas [8]. To exploit the idea in the 
more general n-component case, we are lead to introduce another notion of positivity 
of a symmetric matrix B. 

Definition 1.1. We call a matrix B £ S{n) strictly cubically copositive if there 
exists /i G C" such that 

n 

(1.10) ^Pijc]cifii>0 for allceC1\{0}. 

We briefly comment on this definition. By applying (|1.10p to coordinate vectors, we 
see that fj, must have strictly positive components to satisfy this condition. Moreover, 
by homogeneity, there is a constant k = k{B, fj,) > such that 

n n „ 

(1.11) Yl /3ijCJc^Hi > k(J2 l^iCi) for every c£C!l\ {0}. 

i,j = l i=l 

To explain the degree of freedom given by the choice of fi, we note that if B satisfies 

n 

Y^ Pijc]ciHi > for ah ceCl\ {0}. 



then the matrix B = diag(^^, . . . ,^„)i?diag(/i^, . . . ,/i„) with components /3j 
fi^/Sijiij satisfies 

n 

Y ^ijc'jCi > for all c G C!^ \ {0}. 



n „ 

^^Ui] = v^ in M^, 
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Our motivation to introduce this notion is given by the following observation. 

Proposition 1.1. Let N <3. If B ^ S{n) is strictly cuhically copositive, then (11.10 
does not admit a nontrivial solution. 

Since the proof is very simple, we give it immediately. 

Proof. Let /i S C" be as in the definition above. We now suppose by contradiction 
that (jl.ip admits a nontrivial solution u = (ui, . . . , Un)- Let k = k(B, ^u) > satisfy 

n 

(11.111) . Then the positive function v := ^/k ^ /ijUj satisfies 

i=l 
n r 

-Av = ^ ^ ^ijUjfXiUi > K2 (\2 , 

in contradiction, for A^ < 3, with the aforementioned result of Gidas [8]. D 

It is natural to ask wether strict copositivity and strict cubical copositivity are related 
in some way. This is answered by the following proposition. 

Proposition 1.2. Let B G S{n). 

(1) If B is strictly cuhically copositive, then it is also strictly copositive. 

(2) Ifn = 2 and B is strictly copositive, then it is also strictly cuhically copositive. 

By combining Theorem 11.11 with Propositions 11.11 and 11.21 we immediately get the 
following 

Corollary 1.1. If n = 2 and /3ii,/322 are nonnegative, then the system ( fj. j|) admits 
a nontrivial solution if and only if B is not strictly copositive, i.e., if one of the strict 
inequalities 

Al>0, /322>0, /3l2 > -V/3ll/322 

is not satisfied. 

The equivalence of strict copositivity and strict cubic copositivity stated in Propo- 
sition 11.21 for n = 2 fails to be true if n > 3. Indeed, for e > small, the following 
matrix is strictly copositive but not strictly cuhically positive. 

1 -1 + e -1 + e 
(1.12) Be= \ -1 + e 1 1 I , e>0. 

-1 + e 1 1 



The strict copositivity follows directly from (jl.Sp . but it is not at all obvious that B^ 
is not strictly cuhically positive. We postpone the proof of this fact to the Appendix. 
In the multicomponent case n > 3, the results presented so far still leave a gap be- 
tween necessary and sufficient conditions for the nonexistence of solutions of (jl.ip . 
Somewhat surprisingly, we can close this gap in case N < 2 but not in the threedi- 
mensional case. 

Theorem 1.3. If N <2, n>2 and B € S{n) is strictly copositive, then (jl.ip does 
not admit a nontrivial solution. 
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By combining Theorems 11.11 and 11.31 we obtain the fohowing result. 

Corollary 1.2. Let N < 2 and let B G S{n), n > 2, be such that jSu > 0. Then the 
system (jl.lj) admits a nontrivial solution if and only if B is not strictly copositive. 

The proof of Theorem 11.31 relies on a test function argument which does not extend 
to the three-dimensional case. Hence in the case A^ > 3, n > 3 it is still open whether 
nonexistence of nontrivial solutions follows from weaker assumptions than strict cubic 
copositivity of B. We conjecture that, as in the case N < 2, strict copositivity 
is sufficient. Since we are not able to prove this, we add a simple condition on the 
coefficients of B which guarantees strict cubic copositivity and therefore nonexistence 
of solutions of (II. ip . 

Proposition 1.3. Suppose that 

n 

Pa > and ^ I3~j > -fin for i = 1, 



,n, 






where /3j- = min{/3jj,0}. Then B is strictly cubically copositive, and therefore (II. ip 
does not admit a nontrivial solution by Proposition \1.1[ 

The paper is organized as follows. In Section [2] we will consider the Neumann problem 
(jl.9p , and we will give the proof of Theorem 11.21 The solution is found by variational 
methods. More precisely, we will consider a C^-functional E such that critical points 
of E are precisely (weak) solutions of (jl.ip . Moreover, we will use the assumption that 
B is not strictly copositive to set up a suitable minimax principle which eventually 
gives rise to a nontrivial critical point of E. The difficulty in analyzing the functional 
geometry of E is the fact that zero is not a minimum but a highly degenerate critical 
(saddle) point of E. 

In Section [3] we will give the proof of our other results presented above which are 
concerned with matrix properties and nonexistence of solutions of (jl.ip . Afterwards, 
in Section U] we will add some extensions of our results to the more general system 

n 

(1.13) -Aui = ^Pijufuf~\ ui,...,Un>0 inM^, 

where 2<p<2* = 2N/{N - 2) if iV > 3 and 2 < p < oo if iV e {1, 2}. 

Finally, in the Appendix we will give the proof that the matrix Bf, defined in (|1.12p 

is not strictly cubically positive for sufficiently small e > 0. 

2. Proof of the existence result 

This section is devoted to the proof of Theorem 11.21 From now on we assume that 
the matrix B = {Pij)ij is not strictly copositive, but /?„ > for z = 1, . . . ,n. We 
wish to show that, in this case, (jl.Op admits a nontrivial solution. Without loss of 
generality, we may from now on assume that 

(2.1) Bc^O for every c£Cl\ {0}. 
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Indeed, if there is c £ C" \ {0} with Be = 0, then the constant vector 
u = {^/ci, . . . , ^/c^) is a nontrivial solution of (jl.l|) . and the assertion holds. 
Moreover, we may also assume that 

(2.2) ft, >0 fori = l,...,n, 

otherwise the i-th coordinate vector Cj is a constant nontrivial solution of (|1.9|) . Next, 
we consider 

dCl ■={xeCl : Xi = for some z}. 
Arguing by induction on n, we may from now on assume that 

n 

(2.3) ^ ftjCiCj > for allcG aC!^\{0}. 

Indeed, if n = 2, then ()2.2p assures that ()2.3p holds. On the other hand, if n > 3 and 

n 

^ /3ijCiCj < for some c G 9C" with, say, c^ = 0, then we may eliminate the k-th 

column and the k-th. row from B and obtain a matrix i^ = (/3ij)ij G m("-1)^("~i) 
which is not strictly copositive. By induction, we then get a nontrivial solution 
f : rj — 7- M'"~^ of the reduced system 

n-l 

-Avi = '^/3ijv'jVi, vi,...,Vn-i>0 in il. 



(2.4) 



on dQ, 



du dv du 

Then a nontrivial solution of the original problem (II. 9p is given by 

u:^^ M", u = {vi,...,Vk-i,0,Vk,.-. ,Vn-i)- 

We need to introduce some more notation. We consider the Hilbert space Ti :- 

H^{Q,M."'), endowed with the norm 

ll^ll •= / (l^^l + u ) dx for It = {ui, . . . ,Un) G "H. 
Jn 

Here and in the following we use the notation 

n n n 

1^1^ = ^^,^, j-u-p = ^(u-)2 and |Vnp = ^|Vuip. 

i=l i=l 4=1 

Lemma 2.1. Consider 

E -.n-^R, E{u) = - (|Vnp + |n-p) dx - ip{u), 

2 Jn 



where 



<^(^) -■=JZ^L (^vK) i^P dx for u en 
Then we have: 



8 HUGO TAVARES, SUSANNA TERRACINI, GIANMARIA VERZINI AND TOBIAS WETH 

(i) E is a C^ -functional, and critical points of E are nonnegative solutions of 

dLiD. 

(ii) E satisfies the Palais-Smale condition. 

Proof, i) The fact that E is of class C^ fohows from standard arguments in the calculus 
of variations, using the Sobolev embeddings T-L M- L^(il) and T-L M- L^(il). li u ^T-L 
is a critical point of E, then u satisfies 

/ {Vui ■ Vip + u~(p) dx = 'S2 I3ij{u^fufipdx 

for 93 G H^{^) and i = 1, . . . , n. By choosing tp = u~ , we obtain 

iVUj^l +|u^| ) drc = for i = 1, . . . , 71. 

This implies that u^ = for i = 1, . . . , n, and hence u = (ui, . . . , Un) is a solution of 

dLSD- 

ii) Let {uk)k C ^ be a sequence such that E{uk) remains bounded and E'{uk) — )• 

in the dual space %' . Then 



o Pfc 



E'{uu)uk= f{\Vnk\' + \n^\')dx-J2 [ (3,j{{nl)+)\{ni)+f dx 

AE{uk)- [ {\Vuk\^ + \u^\^)dx, 
Jn 



and hence 



(2.5) {\Vuk\^ + \u^\^)dx<C + o{\\uk\\) as A: ^+00, 

Jn 

for some constant C > 0. We now suppose by contradiction that (ufc)^ is unbounded 

in 7i, hence \\uk\\ — )■ 00 up to a subsequence. Define Vk := ir^- Then \\vk\\ = 1 for 

ll^fc II 

all k and lim /odVvfcp + (v'^)'^)dx = 0, so we may pass to a subsequence such that 

Vk ^ V inT-L, where f 7^ is a constant vector with Vi >0 for i = 1, . . . ,n. Moreover, 
for arbitrary </? G i?^(0) and i = 1, . . . , n we have 

n ~ n » 

y^l^ijv'^Vi ipdx = y2 l^vi'"tfi'<^t)'Pdx = 
J^i Jq ~[Jn 

n „ 

= hm Wukt^Y. / Ni{<)^?{<)^^dx = 
''^°° ~{ Jn 

= lim \\uk\\~^(diE{uk)p>- / (V4 • V(^ + (4)" (^) dx) =0. 
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Consequently, 






ijv'jVi 



for i = 1, . . . ,n. 



If u G 5C" \ {0}, this obviously contradicts ()2.3p . On the other hand, if v G int(C"), 

then Yll=i l^ij'^'^j = for i = 1, . . . , n, contradicting ()2.ip . 

We therefore conclude that ||un|| is bounded. Next, we note that VE{un) = Un—A{un) 

with 



A-.n^n, Aw = {-A + iy^ 



i=i 



^n + E i^njiw 



W' 



i=i 



i.e., the z-th component {Aw)i of ^tf is uniquely given by 

/ (v{Aw)^ • Vip + (^u;)i ip^ dx= (w+ip + ^ Ai(^i'/)^if»+'/5) dx, 

"/Si "/Si • 1 

for all if G H^{Q). By the compactness of the embeddings Ti ^-t- L^(ri,M") and 
Ti ^-^ L^(il,]R"), we see that A is also a compact operator. Hence we may pass to a 
subsequence of {uk)k such that A(tifc) -^ u mTi. But then also 



lim (ufc — n) = lim (ufc — A{uk)) = lim VE{uk) = 0. 

fc— ^-oo fc— >oo fc— ^-oo 

Hence Uk ^ u strongly in %, which was claimed. 



D 



In order to prove Theorem 11.21 our goal is to set up a minimax principle which gives 
rise to a positive critical value of E. For this we need some preparations. We let 
h : M"" —7- M denote the quadratic form associated with 5, i.e., 

n 

(2.6) 6(c) = ^ Pij acj for c G M". 

By the assumption that B is not strictly copositive and by ()2.3p . there exists d := 
{di, . . . ,dk) G int(C") such that 6((i) < 0. In fact, we can find d G int(C") such 
that b{d) < 0, since otherwise min6 = would be attained at a point c G int(C") 

satisfying = V6(c) = 2Bc, contradicting (12. ip . 

From now on we fix d G int(C") such that b{d'^) < 0, where d^ := (df, . . . ,0?^). We 

define the linear map 



(2.7) C : n 

and, for A > 0, the sets 



Cu = i ui dx, . . . , / Undxj 



Mx:={u£'H : \\u\\ = \, Cu £ 
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Lemma 2.2. There exists A > such that 

(2.8) ax-=mfE>0. 

Proof. We first show that there exists ki > such that 

(2.9) maxi -(p{u), ( {\\7u\^ + \u^\^) dx) \ > Hii for all u G Mi. 
Indeed, suppose by contradiction that there exists a sequence (ufc)^ C Mi such that 

liminf (^(u/^.) > and lim / (|Vtifc| + |u^| ) dx = 0. 

fc— >oo fc— >oo Jq 

Since ||ufc|| = 1 for all k, we may pass to a subsequence such that u^ — )• u in "H as 
A; — )• CO, where n 7^ is a constant vector with Ui >0 for i = 1, . . . ,n. By continuity 
of the map C and the functional f, we find that 

(2.10) Cu G Rd and (^(n) > 0. 

Since u is a constant vector, we conclude that u = Xd for some A > 0. By the choice 
of d we deduce that (p{u) < 0, contrary to (I2.10p . Thus we have proved (|2.9p . By 
homogeneity, we deduce that, for every A > 0, 

ma.x{-ip{u), ( / |Vn|^ + |u"|^) dx^ } > mX"^ for ah u G Mx- 

On the other hand, it is also clear that there exists K2 > independent of A > such 
that 

ip{u) < ^211^11 = ^2A for all u G Mx. 



We now claim that (HSj) holds for A = ^^. Indeed, let u e Mx- Then 

-c/7(n) > KiA^ or {\Vu\^ + \u~\^) dx> ^/k^X^. 

Jo. 

'e have 

E{u) = / (iVup + |u-p) dx - (/?(u) > KiX^ > 0, 

:ond case 
E{n) > ^ - n,X^ = X\^ - k,X^) = ^A^ > 0. 
We thus have estabhshed (12:8]). D 



In the first case we have 



whereas in the second case 

k2 



From now on we fix A > such that (12. 8p holds, and we fix functions ^pi G C'^{^), 
i = 1, . . . ,n such that < fi < I, fi ^ for i = 1, . . . ,n and (pi ipj = for i ^ j. We 
also put 

We define the map 

(2.11) h-.ai^'H, c^ hc = {cnpi,...,Cnipn)- 
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Then we have 

n „ n „ 

Y] / PijiKfiK? dx = y] Pa 4 / ipt{x) dx>0 for every c G C7^ \ {0}, 
which by homogeneity imphes that there exists K3 > such that 

n „ 

V / ^ij{hlf{hif dx > K3\c\^ for every c G C^ \ {0}. 
As a consequence, there exists Ri > such that 

I |2 f 

(2.12) £;(/ic) < — f max / iVipi]"^) - ^|c|^ < for c G C? with \c\ > Ri. 

2 \l<ii<n Jq ) 4 

Next we consider the homotopy 

C"x[0, 1]^-H, {c,t)^hc,t with /ic,t(x) = (1 -t)c + t/ic(x). 

We note that hc^tiCl) C dCl for c G aC^, < t < 1, and therefore (ESJ imphes 
that 

n „ 

Y] / PijiKtfiKtf dx>0 for every c G 5C!,! \ {0}, t G [0, 1]. 

By reasoning exactly as in (j2.12p we deduce the existence of i?2 > such that 

(2.13) E{hc,t) < for every c G dCl \ {0} such that \c\ > R2, t£ [0, 1]. 
Moreover, recaUing that < ipi < 1, we see that 



n ,. n „ 

|/ic,tf > J^cf / [{l-t) + t^,{x)fdx>Y,cl / ^'i{x)dx> 



k\c\ 



for < t < 1, c G C" and therefore 

(2.14) \\hc,t\\ > A for < t < 1 and c G C!^ with \c\ > R3 := "^ 



K 



FinaUy we take D := Si?,+i(0) n C!f with R := max{/2i, i22, ^3}- We define the 
continuous function 

'eic) = c iiceBR{0)nCl, 

@:D^n, I G(c) = /i,,|,|_B if c G (i?R+i(0) \ Br{0)) H C^, 

_G(c) = /le ifcGC!^\i?iJ+l(0), 

By combining (p3]) with (pl^ and (pJ3]) we see that 
(2.15) E{Q{c)) < for every c G 91). 

We are now in a position to define a minimax value for E. 
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Proposition 2.1. Let 

T := {7 : -D — )• "H : 7 continuous, ^\dD = ©} o-nd a := inf supi?(7(c)). 

■y&Tc&D 

Then c > a\ > 0, and a is a critical value of E. 
Proof. We first show that 

(2.16) 7(1?) n Ma / for any 7 G T, 

then Lemma 12.21 immediately yields u > <ta > 0. To prove the intersection property 
(|2.16p . we will use classical degree theory (see e.g. [23l Appendix D]). For this we 
define 

K-.n^W, JCu=\\ufd + P{Cu) 

where C is defined in (12. 7p and P : R" — ;• M" is the orthogonal projection onto 
d-L := {c e M" : c • e = 0}. We observe that (f2J6]l holds if and only if 

(2.17) X^d G [/C o -f]{D) for any 7 G T. 

We first consider 7 = 0. As a consequence of (|2.14p and the definition of 0, we have 
for c € D 

/C(0(c)) = X d if and only if c = fid with /i = — - — — 

^/\0,\\d\ 

Moreover fid G i?i?(0) Pi C" and hence, for c in a neighborhood of fid in R" we have 
/C(0(c)) = |i7| ( Icpd + Pel , so that the derivative oi )C o Q ed, fid is given by 



[JC o e]'{fid)e = \n\ (2fi[d • e]d + Pe) for e G M". 

If we choose a basis of M" of the type {d,ei, . . . , 6^-1}, where {ei, . . . , 6^-1} is a basis 
of the subspace d , then the matrix of the linear map [/C o Q]'[fid) in such basis is 
given by diag(2/i|(i|^|il|, |0|, . . . , |il|). Hence the Jacobian determinant of /C o at /id 
is 2|0|"/z|(ip > and therefore deg(/C o Q,D,Xd) = 1. Consequently, we also have 
deg(/C o ^,D,Xd) = 1 for every 7 G T by standard properties of the degree, since 
7 = on dD. Hence (j2.17p and therefore (|2.16p holds. 

We still need to prove that o" is a critical value of E. We argue by contradiction and 
assume that this is not the case. Then, since E satisfies the Palais-Smale condition, 
there exists e G (0, ^) such that 

||VP(u)|| > e for all n G H with a - 2e < E{u) <a + 2e. 

Now the quantitative deformation lemma (see [231 Lemma 2.3]) yields a continuous 
map r] : Ti ^ Ti such that 

E{r]{u)) < a — £ whenever E{u) < a + e 

and 

rf{u) = u whenever E{u) < a — 2e 
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Now let 7 G T with sup £^(7(0)) < a + e. Since £'o7 = £'o0<Oon dD, we infer 

c&D 

that 7/07 = 7 = on dD and therefore r/ o 7 £ 7~. This yields 



c < sup E < a — e, 

7707(D) 

a contradiction. We conclude that o" is a critical value of E, as claimed. 



D 



Proof of Theorem \1.2\ (completed). By Proposition 12. 11 there exists a nontrivial critical 
point of E, which by Lemma |2. 11 - (i) is a solution of (jl.9p . □ 



3. Nonexistence results and matrix conditions 

In this Section we will give the proof of Theorem 11.31 and Propositions 11.21 and 11.31 
We start with the 

Proof of Theorem \1.3l Suppose by contradiction that (jl.ip admits a nontrivial solu- 
tion. Without loss of generality, we may assume that Uj > in M for i = 1, . . . , n. 
For R > 0, consider the function 



r fdr) = 1 



fn '■ 



fRir) 



log(r/i?^ 



log(l/i?) 



I fB.{r) = 



if r < i?, 
[iR<r<R^ 
if r > R^. 



For A^ = 1, 2, if we take the radial function ipji G H^{M. ), ipR{x) = fR{\x\), we then 
have 



/ \V(fR\'^dx—)'0 asi?— )-oo. 

Jrn 



In fact, for A^ = 1, 



|Vv?/j|2 dx 



WrJr r2 
whereas for N = 2, 

/ |V(^/jp dx - 2 
JlR2 1—^ 



i*=2a-4 



1 



i? i^Vlog^ii 



as R ^ 00, 



27r 



ij2 



■ dr 



27r 



log"' RJr r " logR 
2 
Now, multiplying (|l.ip with ^ and integrating by parts, we get 



as i? — )■ 00. 






Uj (/9^ dx 



-Au. 



«, ,2 



JJiV Uj 



^Rdx 



f2ipR\7ipR 2 Vnj 
Vuj • ip^ — — I dx 



/ 



VUi - VifR 

Ui 



dx+ |V93Rp dx < \VipR\^ dx = o(l) 



as i? — ;• 00. Next we let Cj{R) := J^m '^']^\ dx for j = 1, . . . , n. By multiplying the 
above inequality with Ci{R) and summing over z, we obtain from the strict copositivity 
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of the matrix B 

n n n 

< const Y^ cf{R) < Y^ pijCi{R)cj{R) < o(l) ^ Ci{R) as i? ^ cx), 

Thus Jg (o)"^! ^ 0(1) — ^ as i? — )• +00 and hence Ui = for every i, contrary to 
what we have assumed. □ 

Proof of Proposition \1.S\ First we show i), so we assume that B G S{n) is strictly 

n 

cubically copositive. Hence there exists /u G C" such that ^ PijC^Cj/ij > for every 

c G C^ \ {0}. To show strict copositivity of B, we need to prove that 6(c) > for 
c G C" \ {0}, where b : M" — )• M denotes the quadratic form associated with B (see 
HMD) or, equivalents, that 6(c) = b{c^) = 6(cf , . . . , c^ ) > for c G C^ \ {0}. For a 
nonempty subset A/" C {1, . . . , n}, we put 

Cat := {c G C!^ \ {0} : Q = for i AA}. 

Arguing by induction on \M\, we prove that, for every A/" C {1, . . . , n}, 

(3.1) 6(c) > for all c G Ca^. 

If jA/"! = 1, then M = {i} for some i = 1, . . . ,n, and choosing c = Cj in Definition 11.11 
immediately gives /3jj > and therefore (j3.ip . 

Next we fix / G {2, . . . , A;}, and we suppose that (jS.ip holds for all A/" with jA/"] < / — 1. 
For each A/"* with lA/"*] = I, we consider /i = (/ii, . . . ,/i„) G C", where /xj = fn if 
i G A/"* and /ij = if i ^ A/"* . We note that for every c G C/v, we have 



5^6(c) = V ^ Pijcfcj • /2 = 4 ^ jSijCjCifii = 4 ^ jSijcfcj^ij > 
VJ=i / JjeA/". i,i=i 

As a consequence, by integrating the previous expression we deduce that 6(c) > 
for all c that can be written as c = c + tjl with c = or c G CV for some A/" with 
\M\ < I — I and i > 0. Since every c G CV* can be written in this way, we conclude 
that (13. 1|) holds for every element of CV, • 
Next we prove ii), arguing somewhat more directly than in [U Theorem 2.1]. Let 



be strictly copositive, so that /3ii, /322 > and /3i2 > —V/^i 1/^22 by (|1.7p . To show the 
strict cubic copositivity of S, we consider the vector /i := ( 4/4— ; 4/4— ) G C^. Take an 

arbitrary c = (ci, C2) G C^ \{(0, 0)}. If either ci = or C2 = then ^^ • j^ AjC^AijCj is 
either equal to /322C2/^2 > or /3iicf/xi > respectively. Suppose now that ci,C2 7^ 
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and put Ci = Ci ^fPu for i = 1,2. Then 

i^l VA^ll V/^22 

= Cf + C^ + -j^={^^Cl + C?C2) > C? + ci - (C^CI + Cfc2) > 0, 

VP11P22 

as required. □ 

Proof of Proposition \1.3[ Using the simple inequahty s^t + st^ < s^ + t^ for s, t > 
and the fact that B = {Pij)ij is symmetric, we obtain 



n n 71 n 






Moreover, since 



n 






we infer that ^ fSijcjci > ko^ cf > for every c G C" \ {0}. □ 

i,j=l j=l 

4. Results for systems with more general power-type nonlinearities 

Some of the results that we have obtained for the cubic system (|l.ip can be extended 
to more general systems such as 



inM", 



(4.1) - Aui = 2^ f3iju^ n? , ni, . . . , n.„ > 

i=i 

where now the dimension N is arbitrary and 2 < p < 2* = 2N/{N — 2) if N > 3 and 

2 < p < oo if A^ G {1, 2} (in fact, in this setting, the picture is less clear, and at the 

moment we need some further restriction on p, see below). In this section we state 

and prove such extensions. Observe that (j4.ip reduces to (jl.ip when p = 4. 

Most of the techniques used in the proofs will be simple adaptations of the ones used 

in the previous two sections. In such cases, we will only provide a sketch of the proof, 

stressing the major differences with respect to the cubic case. 

Concerning the existence of nontrivial solutions of (|4.ip . we have the following. 

Theorem 4.1. Suppose that 2 < p < 2* = 2N/{N - 2) if N > 3 and 2 < p < oo if 
N G {1, 2}. Suppose furthermore that fSa > for i = 1, . . . , n, and that the matrix 
B = {I3ij)ij G S{n) is not strictly copositive. Then (j4.ip admits a nontrivial solution. 
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As already discussed in the special case p = 4, this result is an immediate consequence 
of the following 

Theorem 4.2. Suppose that il. C M^ is a bounded domain, 2 < p < 2* if N > 3 and 
2<p<ooifN<2. Suppose moreover that the matrix B = {I3ij)ij G S{n) is not 
strictly copositive but satisfies (^u > for i = 1, . . . , n. Then the Neumann problem 

( n 

-Aui = 2_^ f3iju^ n? , ui,.. .,Un>0 in Q, 

(4.2) { i=i 

dui du2 dur, 



du dv du 

admits a nontrivial solution. 



on dQ, 



We briefly outline the proof of Theorem 14.21 and point out the adjustments which 
have to be made. Exactly as in the proof of Theorem 11.21 one can suppose without 
loss of generality that 

(4.3) Bc^O for every c G C!^ \ {0}. 

(otherwise we have a constant solution of the type u = {yc^, • • • , v^))- Moreover, 
we may also assume that Pa > for i = 1, . . . ,n and 

n 

(4.4) ^ /3,jQCj > for all c G dC^ \ {0}. 

Now, we consider the functional 

Ep-.n^R, E{u) = - / (|Vup + |n-|2) dx - ipp{u), 

^ Jn 

where 

1 " /■ 

ipp{u) := - y^ / /3j,(n+)i(n+)i dx for u e H. 

Again we have that Ep satisfies the Palais-Smale condition and that critical points of 

Ep are nonnegative solutions of (j4.2p . Choosing now d G int(C") such that b{d'^) = 

p p 

b{dl , . . . ,dn) < and defining 

Mx :={u€'H : \\u\\ = X, Cu € Rd}, 

we can prove that 

max{— c^(n), ( / |Vti|" + |n^|") dx) } > kiA^ and ^{u) < K2\\u\\^ = K2X^ 

for all u G Mx with constants ki,K2 > 0. From this we then deduce that 

2 

ax ■■= infEp > for A = — —. 

*^A (4k2)^^ 
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The rest of the proof, namely the minimax principle relying on the construction of 
the set D C C!f and the map Q : D ^ Ti, can be carried out exactly as in the special 
case p = 4, see Section O 

Next, we turn to the nonexistence results. Having once more the results of Gidas [8] 
in mind, we start by generalizing the notion of strict cubic copositivity. Therefore in 
the following we will call a matrix B € S{n) strictly (p — l)-copositive if there exists 
fj, S C" such that 

n 

(4.5) Yl Ajc|^?~Vi > for all c e C^ \ {0}. 

This notion gives rise to the following nonexistence result for ()4.2p . 

Proposition 4.1. Suppose that 2 <p< ^^ if N > 3 and 2 < p < oo if N < 2. If 
B G S{n) is strictly {p—l)-copositive, then ()4.ip does not admit a nontrivial solution. 

Proof. Let ^ G C!f be as in the definition above and take k = k{B, fj,) > such that 

i,j = l \i=l / 

Suppose by contradiction that ()4.ip admits a nontrivial solution u = {ui, . . . ,Un). 

1 n 

Then the positive function v := kp-^ ^ fXiUi satisfies 

i=l 
n n -, 

-Au = KP-2 2^ /SjjMJ'M? /^j > KP-2 (2^;LiiUij = f P ^ inM^^. 

By the result of Gidas [S], this is impossible since p — I < jf^ by assumption. D 

Concerning the relationship between strict copositivity and strict (p— l)-copositivity, 
we have the following generalization of Proposition 11.21 

Proposition 4.2. Let B G S{n). 

(1) If B is strictly {p — l)-copositive for some p > 2, then it is also strictly 
copositive. 

(2) If n = 2 and B is strictly copositive, then it is also strictly (p — l)~copositive 
for every p > 2. 

p p p 

Proof, i) Defining 6(c) = 6(c2) = b{ci , . . . ,Cn) for c G C", we can show similarly as 

in the proof of Proposition 11.21 that b is strictly positive on C^ \ {0}, hence the same 

is true for b. 

ii) Let B = {Pij) G 5(2) be strictly copositive, so that fin, 1^22 > and /3i2 > 

— \/Ai/322- To show the strict {p — 1) -copositivity of B, we now consider /i := 

(— i=, i_) g d- Take an arbitrary c = (ci,C2) € Cl\ {(0,0)}. If either ci = 
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or C2 = then Z^j ,=i /3ijc|/ijC? is either equal to /?22C^ /i2 > or /3iic^ fJ-i > 
respectively. Suppose now that ci,C2 7^ and put q = ci^/pii for i = 1,2. Then 

2 

EE £_i 1 1 £ £_i 1 _i S £—1 

l^ijC-fJ-iCl = -7== (/3iiC? +/?i2c|ci^ ) + ^^(/322c| +/3l2Ci2c| ) 
,■ ,-_i VPll V P22 

1 1 /?io PPl PPl -, -, PPl PPl 

= c?-^ + (f-^ + ^l^(c|cr + clc-f) > c?-^ + c^-^ - (cl cr^ + cf cl"') > 0, 
VP11P22 

as required. D 



By combining Theorem 14.11 with Propositions 14.11 and 14.21 we immediately get the 
following 

Corollary 4.1. Take N e ^ and 2 < p < ^^ i/ iV > 3, 2 < p < 00 z/ A^ < 2. Let 

n = 2. ///3ii,/322 are nonnegative, then the system j^. jp admits a nontrivial solution 
if and only if B is not strictly copositive, i.e., if one of the strict inequalities 

/3ll > 0, /322 > 0, /3i2 > -V/3ii/?22 
is not satisfied. 

Generalizing Theorem 11.31 we can also derive sharp nonexistence results for the case 
of n > 3 components in dimensions A^ = 1,2. However, we have to restrict our 
attention to the case 2 < p < 4, and the proof is somewhat more complicated than 
in the case p = A. 



Theorem 4.3. If N < 2, 2 < p < 4 and B G S{n) is strictly copositive, then ()4.1 
does not admit a nontrivial solution. 



Proof. Suppose by contradiction that (14. ip admits a nontrivial solution. Without loss 
of generality, we may assume that Uj > in M^ for i = 1, . . . ,n. For /? > 0, consider 
the function ipn defined in the proof of Theorem II. 3i We recall that for N = 1,2 we 
have 



/ iV^jRp dx -^ as i? -^ 00. 



Observe moreover that |V(/9/j| < C for some C > independent of i? > 0. 

For p = 4 the result of Theorem (14. 3p is exactly the content of Theorem 11.31 Fix 

2 < p < 4 and let a G (2, +00) be such that p = 2^- Multiplying p.ip with (/9^ 



1- 
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and integrating by parts, we get 

y^ Pij ujip%dx = / -Auiif^u]'^ dx = Vui-v(ipJiul~A dx 






dx + 



+ 2(^t-^-V>-'^^^ 



2(p - 2) JiRiv 



Next we let Cj{R) := J^m ujtp'ji dx for j = 1, . . . ,n. By multiplying the above in- 
equality with Ci{R) and summing over i, we obtain from the strict copositivity of the 
matrix B 

n n 2 ^ c 4- 

j=l i,j = l ^^ ' 4 = 1 •^'^^ 



a2 
< 



2{p - 2) Vi< 
and hence, by Young's inequality. 



max c,{R)) J] / v^^-'n"^ | Vc^p dx 



^ " /■ p p(°-2) n ^^ 

^vE/ ^1^R~" dx + y^K^ |V(^R|^^dx. 

Since ^^^"~ ' = a and 2^^^^ > 2, we finally get 

— y^ / ufipRdx<K3 {VifRl'^dx^O asR^+oo. 

2=1 

£ 

Thus /^ j-QN u? dx ^ as R ^ +oo and hence Ui = for every i, contrary to what 
we have assumed. D 

By combining Theorems 14. II and 14.31 we obtain the following result. 

Corollary 4.2. Let N < 2, 2 < p < 4 and let B G S{n), n>2, be such that (in > 0. 
Then the system (jl.ip admits a nontrivial solution if and only if B is not strictly 
copositive. 
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Finally, for a general dimension N, we have an easy sufficient condition to check the 
strict {p — l)-copositivity of a matrix, and hence also a general sufficient condition 
for the nonexistence of solutions of (14.11) . 



, n, 



Proposition 4.3. Suppose that 

n 

(4.6) A, > and ^ p-- > -pa fori = l, 






where f3-- = min{/3jj , 0} . Then B is strictly [p — 1) -copositive for every p > 2. In 
particular if (14. 6p holds and either 2 < p < ^~2 with N > 3, or 2 < p < oo and 
N <2, then (II. ip does not admit a nontrivial solution by Proposition \4-l\ 



Proof. Using the simple inequality S2t2~^ + s2~^t2 < s^~^ + i^"^ for s,t > and 
the fact that B = {Pij)ij is symmetric, we obtain, by arguing exactly as in the proof 
of Proposition 11.31 that 

n n 



for every c£Cl\ {0} and kq := ._min^(^/3ii + X^^-.^- p^-J > 0. D 

5. Appendix 
Here we prove that the matrix 

/ 1 -l + e -1 + e \ 

Be=\-l + e 1 1 , e>0. 

V -l + e 1 1 / 

(see p.l2p ) is not strictly cubically copositive for e > small. This was claimed in 
Section [TJ Suppose by contradiction that there exists a sequence of positive numbers 
Efc — )• such that B^r^, is strictly cubically copositive for all k. Then there exists 
(^f,/i2,/^t) e int(C+) such that 

(5.1) ll\ (C? + {Ek - l)cicl + {Ek - 1)C1C^) + l4 ii^k - 1)C?C2 + C-I + C2C^) + 

+ /i^ {{Ek - 1)C?C3 + clc3 + cl)>0 

for every c G C|_ \ {0}. By dividing the previous inequality by /if > 0, we can suppose 
without loss of generality that /Uj^ = 1. We show that 

(5.2) M2 -> 1, /^t -> 1 as k —!■ oo. 
Taking c = (A, 1, 0) G Cl in i^J^ with A > 0, we obtain 

(A^ + {Ek - 1)A) + /4((efe - 1)A^ + 1) > for every A: G N 

and hence 

(A^ - A) + liminf L^(l - A^)] > 0. 
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As a consequence, we get 

liminf ;U2 > A for all A € (0, 1) and limsup^2 ^ ^ ^^ ^11 A > 1, 

A;— 5>oo k—^oo 

which eventually yields lim /i2 = 1- Considering c = (A, 0,1) in (15. ip . a similar 

fc— ^-oo 

argument shows that lim fj,^ = 1. By combining (j5.ip with (j5.2p . we conclude that 

fc— >oo 

(c? - cicl - ci4) + (-c?C2 + c^ + C2C^) + (-c?C3 + 4c3 + 4) > for aU c G C^, 
which is false when evaluated at c = (3, 2, 2). 
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